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Abstract
We prove here the fairness—length inequality introduced in the blog post Optimal Tennis Match.

Problem Formalization

To state the result rigorously, we need to formally define all the objects. We begin by the game graph.

Definition 1 (Game graph). Let G = (V, E) be a directed graph with two absorbing vertices W and L.
Every other vertex v has two outgoing edges v — vy and v — v_.
Furthermore, we denote a single vertex s € V \ {W, L} as starting node.

The game graph is the mathematical structure we will use to describe a tennis match. The vertices are
all the possible states of the match: each will correspond to a specific score. From a state v, if the first
player wins, the game will transition to vy, else to v_. The game being won by the first player corresponds
to ending in W, loss in L.

Now we define the match itself as a random walk on the graph.

Definition 2 (Graph walk). Given a game graph G = (V,E), s € V and p € [0,1]. We define X(&5P) to
(G,5:p)

be a stochastic process on G starting from the starting node X = s, and with
(Gosp) (ch’s’p))Jr with prob. p,
it = (x(@a) :
(Xi ) with prob. 1 — p,

while Xz(-G’S’p) ¢ {W, L}, after that the random process ends. We call 7(G*P) € NU {00} the number of steps
needed to reach {W, L}.

The graph walk is the stochastic process corresponding to playing a match in the structure defined by
G, and starting from score 0-0, which corresponds to the node s. To continue with the parallels, 7(G5P) is
the number of points played during the match, and Xic(:cffg) is the outcome of the match.

Of course, in our analysis we are interested in those games which are balanced, meaning that assuming
the first player is just as strong as the second one (p = 1/2), then the probability of the first player to win

the match is also 1/2, formally this means that:

G,s,1/2 1
P (X(T(G,S,{M{ - W) ==

The last thing remained to defined is the fairness of the match. This is a quantity that indicates how much
the stronger player actually benefits from the game structure.

Definition 3 (Game Fairness). Given a game graph G = (V, E), and a starting point s, we call the fairness
of the match

d G,s,
F(G,s) := dTDP (X(T(C;,fj) = W) ‘pzl'
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While this definition could look esoteric there is a nice way to think about it. Assume the first player
has an edge of €, meaning that p = 1/2 + ¢, then we will have that

s 1
P (XSC(:Gll//QJ;) = W) =5 + eF(G, s) + o(e).

Thus, F can be seen as the advantage multiplicator factor for small €.

Main Result

Theorem 1. Given a game graph G and a starting position s, such that the game is balanced
G,s,1/2 1
P (X.(,—(Gé,s,Il//Z)) = W) = 57
and the match has no hidden status

XEG’S’IJ) p((()GwS,P)7 o XE?;{?J’) — XZ(-G’S’p) ‘XES;’I&P)’

then
F(G,s)* < (Elrc,s,1/2)]) -

This result is tight, as we can see by the optimal game structure defined in the blog post. The two
assumptions we do are also quite natural. The first one is that we are talking about a balanced match
structure, where the first player has no inherent advantage over the second one. The second one is more
subtle, and likely it does not hold in practice; basically we are assuming that the players will play each point
independently of how the previous points in the match went. This assumption is however necessary; without
it the result does not hold.

Proof

The proof is divided into three parts. First we do a perturbation argument to derive a powerful formula to
express the fairness F(G, s), then we do a variance identity, and finally we use the Cauchy—Schwarz inequality
to derive the final bound. We first start by defining the key quantities we will use.

Definitions

Definition 4 (Value function).
hay V=011 () =P (XY = w).

Thus, h(g)(v) is the probability for the first player to win, given that the first player is just as strong as
the second one (p = 1/2), and given that the current score is v. Note that h(g)(v) is not a random variable,
and it always assumes that p = 1/2.

This quantity is a good proxy for the state of the match. Instead of a messy score, which could be
misleading, this indicates well how far (probabilistically) is a player from winning the match.

We now show that h(g)(v) has a key harmonic property, that later on will be crucial.

Lemma 1 (h(g)(v) is harmonic). Given a verter v € G\ {W, L}, let vy and v_ be the vertices reached by
the outward edges from v, then

(hie)(v4+) + higy(v-)) -

N =

hig(v) =



Proof. The proof comes from rolling out one step of the random walk.
hoy(v) = P (XIEE = w)
D (R = WK <0, ) P (KO 20,) 4
B (X = WX ) B (X )
(@) (v+)P (XgG’U’m) = U+) + h(g)(v-)P (ch’v’m) = Uf)

1
hiay(vy) + gh(c)(v—),

where (1) is due to the law of total probability, dividing the probability space between the two possible
outcomes of the first step. (2) follows from the definition of (g (v). (3) follows from the fact that we are
looking at X(&v:1/2) thus there is a 1/2 probability of winning the first step. O

Now that we defined the value function h(g)(v), we introduce one more quantity

Definition 5 (Importance function).

Ac(v) = h(g)(ve) — I (v-).

This function indicates how much probability is at stake in a given situation v. If the game is balanced,
if the first player wins the next point, then his probability of winning will go up by Ag(v)/2. This quantity
is a good proxy to identify pressure points as match points in a game.

Now that we defined those non-aleatory quantities, we can consider the problem with a probability
distribution. Thus we define the following random process.

Definition 6 (Stochastic Value Process). We define M(G*P) as follows:
S G,S, G,S7 G,s,
M@ (1 (X 1 (XE) | (x50))

The name M (G*P) is motivated by the fact that, in the specific case of p = 1/2, M(G:5:1/2) s a martingale.
To motivate these constructions, we notice that

P (X% =w) =E[M@n)].

7(G,s,p) T 7(G,s,p)

The reason is that XS_C(:C;‘ZQ) is either W or L, thus Mq(_(céi?) is the either 1 or 0, thus E [M(G’s’p)] is the

7(G,s,p)
probability that MT((GGSI;)) is 1.
Furthermore, because the match is balanced (one of the conditions we assumed),

M = (X)) =172,

Thus, M(%5P) is a stocastic process which starts at 1 /2 and ends at 1 or 0, but even more interestingly, the
expected value of M(%5P) starts from 1/2 and ends at the probability of winning the match.

Perturbation argument

As we discussed before, M(%%1/2) is a martingale, thus

E [M}G"’*p)} =1/2 Vi



We now examin what happens if we perturb the p slightly from 1/2. So we compute the probability of
winning with p =1/2 +e.
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=
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In (1) we use the fact that the quantity we are trying to bound is a probability, thus is between 0 and

1, and thus we can swap the sum and the expectation. In (2) we use a trick: we momentarily define

Mi(G’S’l/QJrg) = MT((GGSY/EI;) for i > 7(G51/2%€) notice that this does not alter the expected value because

for i > 7(G:1/249) the quantity M S5/ _ pr{G51/21) — 0 1n (3) we use the law of total expectation.
Finally, (4) is justified right after.

E [(h (XEG,S,1/2+E)) _ (ngi‘e,l/2+s)>) ‘ngis,1/2+6)j| _

= % <h ((Xl(f,ls,1/2+s))+> +h ((Xfis,1/2+s))_)> _h (XE€1571/2+6)) n

=0 because h is harmonic

. <h ((ng:,ls,1/2+e)>+) _h ((ng,lsg/zﬁ))))

=0 (X(Cp1/249)

— e (X0

Finally we can compute the derivative of the probability of winning as the limit of the perturbation



argument.

(X =) - (X = w)

dp (Xm =w)| = lim
dp (@) p=1/2 &—0 €
7(Grs,1/24¢) G,s,1/2+¢
. %"’ﬂE [Zi:l Ag (ngl / ))} - %
= lim
e—0 g

T(G,s,1/2+5)
=lmE| Y A (Xf’f’l/“”)
=1

e—0

TG’S’1/2

—E ; Ag (X317

Thus, finally we have
F(G,s)=E

S;AG (X?’i’l/g)] - (1)

This concludes the perturbation argument.

Variance identity

In the perturbation argument we have focused on the expected value of M (&) over the course of the match.

Now we focus on the variance instead. Similar to the perturbation argument, we will use a telescoping
argument to express the variance of M(G%:1/2) gver the course of the match, together with a key insight on
the variance of the MT((%“//Q function.

The match is balanced, thus we know that the probability of winning the match is 1/2, thus Mi(cgcill//i? ~

Bernoulli(1/2). Thus
1

G,s,1/2 .
Y (Mj(G,S,//Z;) = V (Bernoulli(1/2)) = 7. 2)
Now we can use the telescoping argument to express the variance of M(%%1/2) gyer the course of the match.
Let b; be a random variable that is 1 if at step ¢ the process goes on the + edge, and —1 if it goes on the —
edge. Note that b; "~ Rademacher(1/2) (i.e., P(b; = 1) = P(b; = —1) = 1/2), and the independence follows
from the second assumption we made. Then:

(Gs,1/2)
v (M.,(.(Céill//zg) =V MéG7511/2) + Z (Mi(Gasvl/Q) _ Mi(€£5»1/2))
i=1
7_(G,s,1/2)
(:) A\ (Mi(G7571/2) _ Mi(?l,871/2)>
i=1

Where (1) is due to the fact that Méc’s’l/z) = 1/2, and translations do not contribute to the variance. Now
G,s,1/2 G,s,1/2
we focus on Mi( /2 _ Mi&l /2,



Mi(G,s,1/2) _ Mi(fis71/2) —h (X(G .8, 1/2)) h X(G s 1/2)

n( (xG) X(G DY it win
B +
( Gsl/2 ) Gsl/2)) if Tose
(X(G 5,1/2) ) % h (ngi‘971/2)) +h (Xz(f,lsylﬂ)) if win
( (G.1/2) ) ~1t(n (Xfis,l/%) +h (XEGf 1/2)) if lose
N _

%AG Xf’ls’l/z)) if win

f%AG (Xff’lm)) if lose

1 (G5,1/2) 7
58 (XH )b”

Where b; = 1 if the first player manages to claim the i-th point, otherwise —1. Because the match is balanced,
b; ~ Rademacher(1/2). Furgthermore, notice that b; L b; Vi # j due to the the second assumption of the
theorem.

T(G,s,l/2)
A% <M7(—((i;5511//§2> =V M(EG7871/2) 4 Z (Mi(Gasvl/Q) _ Mi(€£571/2))
=1
+(G,5,1/2) 1
(:) \ 1 (X(G .8, 1/2)) by,
4 2
=1
F(G.5,1/2) 1 2
—E 5A¢ (X(Gf 1/2)) bi s

i=1

(G,s,1/2)

T 1 7 2
=E <2AG (x(p) bi_1> +
=1

1=

(Gys,1/2) _(G,s, 1/2)

+E| Y Y fb bifa (XIEHP) ag (XI )

171 VE)

=0 because b; Lb; for i#j and b; LAg (X;G'S’1/2)> for <4

#(G.s.1/2)

@ iE Z Ag (XEGIS 1/2))

In (1) we notice that M(G =1/2) = = 1/2, thus it does not contribute to the variance. In (2) we notice that
b2 = 1. Combining this Wlth ([2) we get

7(Gys,1/2)

E ; Ag (XEE’f’””f —1 (3)

This concludes the variance identity.



Cauchy—Schwarz inequality

The last step to complete the proof is to use the Cauchy—Schwarz inequality:

[(G.s,1/2) 2
PGP PE| Y Ag(xIG?)
=1
(2) i T(G,s,1/2) 2
G,s,
2ol % 1ao(xer)
i=1
- (G,s,1/2) (G,s,1/2)
@ |7 (G5,1/2)) 2 !
Yo'y ao(xG )| Y
| =1 =1
=1 due to variance identity
7_(G,s,1/2)
=E| Y 1| =E[rC2].

i=1

Where (1) is due to (1f). (2) is the Jansen inequality because the square is a convex function. (3) is the
Cauchy—Schwarz inequality for sum of random variables. This concludes the proof.



